INTRODUCTION
Renormalization group methods (RG) h ave p rovided a powerful tool for calculation of key exponents that are otherwise extremely difficult to evaluate (see texts by Goldenfeld [l] and Creswick, Farach and Poole [2] ). Th ese methods were originally developed for quantum field theory and statistical mechanics, particularly critical phenomena, and have evolved into a broad philosophy rather than a single technique, as each new application often involves different methods.
Since differential equations are central to much of applied mathematics, it is important to examine whether RG can be used successfully to calculate important features of solutions.
There are several aspects of differential equations in which self-similarity is exhibited at an asymptotic fixed point. These include (i) decay of solutions for large time and space, (ii) finite time blow-up of solutions, and (iii) finite time extinction of solutions.
In particular, a key question involves the exponent that characterizes decay, blow-up, or extinction. For systems of equations describing interface problems an interesting issue is (iv) the large time evolution of the interface, and, for example, the exponent that characterizes the length of the interface as a function of time. in which 1 is a small parameter, in order to study the decay from a sharply peaked Gaussian with amplitude Qo. Our procedure is to extract, for each order in E, the leading order behavior in l-r, so that only positive contributions to the decay are significant in the O(s2) and higher. A key step in this process is to obtain a transformation that rescales variables. While RG methods usually involve an identity in this transformation, we utilize the basic ideas by using an identity up to a particular order in E. We first obtain a basic solution for equation (2.la) with initial condition (2.lb).
Using the Green's function and taking the nonlinearity F as a source term, one can express the solution of (2.la),(2.lb) as t u(x,t) = G(x -y, t)g(y) dy + E s s co ds G(a:-y,t-s)
We solve (2.4) using an asymptotic expansion for small E and write the formal sum, 21(x, t; E, 1) = uo(x, t; 1) + EU1(X, t; 1) + E27A2(Z, t; 1) + E3U3(X, t; 1) + . . . , (2.5) so that 1 is not yet treated as a small number in comparison with E here. In this work, we consider the case 4 = 0 only, so that the nonlinearity will be completely specified by p 2 1, as n = 1 -p and m = p -2, and the nonlinear term is given by xP-~u~--PzL~.
PROPOSITION 2.1. Consider equation (2.la) with initial condition (2.1 b). One has to leading order in E and to leading order in 1 within O(E'), the solution 4x,t;56 = fi Qot-14-"2/(2t) g f [EAlog ($1 j ) (2.6)
where A := A(p) := (-l)P(l . 3... 12~ -3j), w h ere only nonnegative terms contribute for O(E') and beyond.
The details of the formal asymptotics will be published elsewhere.
THE RENORMALIZATION GROUP TRANSFORMATIONS
In this section, we calculate the anomalous exponent explicitly for asymptotic relation (2.6) and obtain the similarity solution for large time and space. The result can be stated as follows (using true dimensions). Using the same idea as in (3.2) we approximate u; (up to O(s2)) and obtain (3.lb).
EXACT RESULTS
We consider, for small E, equation These two exact solutions agree with the RG calculations of [5, 6] and in Section 3.
Series-Integral Solutions
We describe briefly an additional method for calculating these decay exponents.
In particular, we solve (4.4) using an asymptotic expansion for small E and write the formal sum so that a solution, corresponding to the fundamental solution, to (4.14) is
We proceed by using $0 in equation Notice that @r E 0 if initially @I(., 0) = 0 in (4.19). These differential equations can then be analyzed to obtain the leading order term. Similarly, the process can be repeated to obtain successive terms in the series for 4. This yields some additional rigorous results that confirm the RG calculations of [5,6] including the following theorem. The exact results and theorem confirm that the decay exponents obtained in [5, 6] for leading order in E are exact. We use an asymptotic analysis in several parameters in conjunction with renormalization group transformation that differs from standard RG theory in that the transformation is valid only to a particular order in the small parameter, E, that is the coefficient of the nonlinearity.
The asymptotic analysis and the RG transformations are for small E and also small 1 (i.e., sharp Gaussian initial conditions).
Thus, the analysis is intended to pick out the most singular term in terms of Z-'. This means that terms that are higher order in E and negative do not contribute.
The decay computed using the RG and asymptotic methods are technically for large time within an intermediate range, where the analysis is meaningful.
The exact results and theorem confirm the conjecture that the exponent calculated is in fact the decay exponent at infinity.
